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Transverse Compressional Damping in the Vibratory Response
of Elastic-Viscoelastic-Elastic Beams

B. E. Douglas*
David W. Taylor Naval Ship Research and Development Center, Annapolis, Md.

and

J.C.S. Yangt
University of Maryland, College Park, Md.

The effects of transverse compressional damping in the vibratory response of three-layer elastic-viscoelastic-
elastic beams are considered both analytically and experimentally in a mechanical impedance format. The
relative importance of this type of damping is assessed through comparison with the shear damping mechanism
inherent in the composite using the Mead and Markus model. Results of this investigation suggest that the effects
from transverse compressional damping have a relatively narrow frequency bandwidth dependent on the elastic
loss tangent of the damping core and are centered at the compressional (delamination) frequency w, of the
composite. Compressional damping is shown to have a minimal effect on the transverse dynamic response of
thin three-layer damped beams for frequencies significantly less than w, where a shear damping model provides
a more accurate prediction of the composite loss factor.

Nomenclature

wi(x) =transverse displacement

u(x) =longitudinal displacement

i =+ -1

m =mass per unit length

{ =beam length

t, =thickness of viscoelastic core

t; =thickness of ith layer

b =beam width

E; = elastic (Young’s) modulus of jth layer

o =mass per unit length of ith layer

E}(w) =E, (1 +id) =complex dynamic elastic modulus of
viscoelastic core

E, = elastic storage modulus of viscoelastic core

& = elastic loss tangent of viscoelastic core

G (w) =G, (1+iB) =complex dynamic shear modulus of
viscoelastic core .

G, =shear storage modulus of viscoelastic core

B = shear loss tangent of viscoelastic core

s =radial frequency

I; =moment of inertia of jth layer

k* =compressional spring constant per unit
length=E}b/¢t,

W, = compressional composite frequency

Z(x,w) =mechanical impedance of beam

P, =applied force

Introduction

N recent years, the dynamic design of structures has

received increased emphasis as current standards for noise
radiation, machinery reliability, and structural fatigue have
required increased attention to vibration control while
maintaining or reducing structural weight and size. This trend
is particularily noticeable in the design of modern aerospace
vehicles where high performance standards for speed,
maneuverability, and payload have motivated research into
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the development of lightweight inherently damped structures.
The damping in such structures is utilized primarily to control
structural damage from fatigue, as well as cabin noise
detrimental to health and speech intelligibility, and to reduce
the chance of machinery and electrical equipment failure from
operation in a dynamic environment.

The transverse vibratory response of elastic-viscoelastic-
elastic laminated beams has received considerable attention
since Plass! and Kerwin? examined the potential of this
composite in vibration control. Many investigators'® have
studied the dynamic response of the three-layer damped
sandwich beam, concentrating predominantly on the
broadband damping inherent in the composite associated with
shear damping. In a classic paper? on this subject, Kerwin
analyzed the shear damping in an infinitely long, simply
supported beam with a soft viscoelastic core and a thin, stiff
constraining layer, deriving an expression for the complex
flexural stiffness of the beam section. DiTaranto? extended
Kerwin’s work, deriving a sixth-order differential equation of
motion in terms of dynamic longitudinal beam displacement
u(x). In a later paper, Mead and Markus* derived a sixth-
order differential equation in terms of the transverse motion
of the beam, which is an important factor in experimentally
validating the model. In the same paper, Mead and Markus
also examined the form of the boundary constraints on the
composite for many widely used end conditions and showed
that the eigenvalues for such a system are generally complex
for boundary conditions other than simply supported. Lu and
Douglas® evaluated the Mead and Markus model in several
experiments which showed that this model adequately
predicted the damped resonance frequencies and damping
inherent in the low-order modes of two relatively thin three-
layer laminates.

An important feature of the aforementioned work was the
assumption that transverse displacements, w(x), of all points
on a cross'section are equal. For thin composites where the
product of the viscoelastic layer thickness and the con-
straining layer thickness is small, shear damping appears to be
the major factor controlling the resonance response of these
beams in the audio-frequency spectrum. However, as the
thickness of soft (E,<10® N/m?) viscoelastic cores and
constraining layer increase, compressional damping can be
expected to play an increasingly important role in the dynamic
response of such structures. This paper examines, both
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analytically and experimentally, the contribution of com-
pressional damping on the transverse dynamic response of the
three-layer damped beam and compares the importance of
this form of damping with shear damping using the
aforementioned model developed by Mead and Markus. The
intent is to help provide design insight for the utilization of
such composites for possible application to beam-like
vehicular appendages or to machinery or instrument
mounting structures.

Analytical Formulation

The three-layer damped beam consists of two elastic face
layers separated by a thin, relatively soft viscoelastic damping
core. Figure 1 depicts the geometry and coordinate system
utilized in this paper. The case of fixed-free (cantilever)
boundary constraints is considered with a concentrated
sinusoidal load P,e™’ applied at the free end to facilitate
comparison between analytical and experimentally derived
spectra. The dynamic response of this composite is examined
in a mechanical impedance format. The complex elastic and
shear moduli are assumed both temperature and frequency
dependent, and the loss tangents of the elastic layers are
assumed negligible. No restrictions are placed on the densities
and moduli of the layers, except that the viscoelastic layer is
considered soft compared to the elastic layers, i.e., £, <E;,
and its mass is negligible. The elastic layers need not be
identical. The time-dependant equations of motion discussed
in this paper assume steady-state harmonic displacements.

Compressional Damping Model

The equations of motion for the three-layer damped
laminate depicted in Fig. 1 and based only on compressional
damping are derived assuming that 1) the viscoelastic damp-
ing core is linear and relatively soft, so that it can be modeled
as a complex compression spring; and 2) the rotary inertia and
shear deformation of the elastic layers are negligible, so that
the Bernoulli-Euler beam theory can be employed. With these
assumptions, the equations of motion for this composite can
be written as two coupled fourth-order partial differential
equations:

3w a’w

—E,I, 6x41 =k*(w,—w3)+p,Tz’ (la)
3w Fw

—Esl; o =k*<w3~w,>+p3;t;f (1b)

Assuming harmonic time dependence, these equations can be
combined into a single eighth-order differential equation with

complex coefficients for the base cantilever beam (i.e., layer
1):
déw, (x) [k*—p,w2 k*—pjwz]d"wI(x)
dx? E,I E,I, dx*
4 *, 2
p3pw* —K*w’ (p; +p3)
+| W, () = @
E111E313
2 Ty
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v
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Fig. 1 Geometry and coordinate system for the three-layer damped
sandwich beam.
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The response of the constraining layer can be written in terms
of the response of the cantilever beam as
2 4
pw -d*w,
Wj(x)=TW1(X)+EIIIV 3
Using a progressive wave approach, the solution for Eq. (2)
can be written in terms of the complex wave numbers ¢ and p
as

wi(X)=Ae* +Ae~ "+ Aze™ + Al
+Aser +Age M+ A eM + Age ¥ @a)
W3 (X) =M[A e~ +Ae™ + Aze + Ae "]
+N[Aser + Age # + A e + Age ] (4b)
where

o o? % [ o o? v v
=[50 n= 5+ (5 )]

a_k*—p,w2 +k* —psw? _P/P3w4_k*w2(,01+ﬂ3)
E E I, E,1,E;1,
k* k* — 2

M= [~k— VE L e ] Nz[ k‘:"" +E,I,p4]

For fixed-free boundary conditions, the four equations of
constraint for layer 1 require

wi=0; 20) =g azW’) =0;
! - 0x / x=¢ v ax? x=0 e
63_> = Po eiwr (5)
ax’ o T EIL

As indicated the applied concentrated sinusoidal loading is
accounted for implicitly in the shear boundary constraint at
x=0.
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Fig. 2 Transverse driving point mechanical impedance and phase
spectrum for a three-layer damped beam (E, =1000 psi): com-
pressional damping model.
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The four boundary constraints for layer 3 require

’w; 33w;
ax? 7 ax3

=0 at x=0 and x=/{ 6)

The shear condition evolved from assuming that the effective
shear force 8k.; (w; —w;) transmitted by the viscoelastic
layer at the ends of the laminate is zero; i.e.,

E*
lim ok —lim (—-”——Ai)=o
Sa—0 d4-0 4

These equations of constraint can be placed in a matrix
representation to solve for the complex coefficients 4, by
standard matrix inversion methods or [M] - [A] = [P]:

(e’ [} b—je? bgeld bud
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These coefficients then can be determined at each frequency
of concern by multiplying the inverse of the constraint matrix
[M] and the loading matrix [P]. From this information, the
mechanical impedance at any arbitrary point on the surface of
the cantilever beam (layer 1) can then be written as

Z,(x,0) = (Py/iw)[A e +Are~% + A0 + A o~
+Ase” +Age ™ + Ao+ Age ]!
and the transfer impedance to layer 3 as
Z;(x,w) = (Py/iw) {M[A e + Aye ¥+ Aze* + 4 e ]
+N[Ase* +Ase ™ +Ae + Age ]}~/

From the analytical model just described, the dynamic
response of a damped three-layer laminated beam containing
only compressional damping can be studied by examining the
mechanical impedance spectra of several beam geometries and
material properties. Figure 2 shows the mechanical impedance
spectra generated from this model of a selected case: a steel
laminate with geometry outlined in the figure, and a
viscoelastic damping core with an elastic storage modulus of
6.89 x 10° N/m? (1000 Ib-in. ~2) and several values of elastic
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loss tangent. As is evident from this figure, the damping in
this composite is negligible except for the spectral region
between 250 and 2000 Hz centered at 500 Hz. In this region,
the damping is strongly dependent on the elastic loss tangent.
This result can be anticipated from consideration of a model
that treats the face layers as lumped masses and the
viscoelastic layer as a complex distributed spring. This model
gives rise to a compressional frequency inherent in composite
working to delaminate the face layers:

: [(E: )( Lyt )]/z (1 +1i8)
wri=[{— )| — + — =w/ i8) ”
¢ Lt/ \prty  psts

Since, according to this model, the viscoelastic layer receives
the greatest dynamic compressional strains in this spectral
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region, which, in turn, is the primary mechanism converting
vibratory energy to heat, it is to be expected that vibrational
modes of the composite occurring near this frequency would
exhibit a high degree of damping for high-loss viscoelastic
materials.

Shear Damping Model

The equation for transverse motion for the three-layer
damped laminate based only on shear damping was derived by
Mead and Markus* assuming that 1) the shear strain is
constant across the depth of the damping core, which is
linearly viscoelastic; 2) shear strains in the face plates and
longitudinal stresses in the core are negligible; 3) transverse
direct strains in the core and face plates are negligible, so that
transverse displacements of all points on a beam cross section
are equal; and 4) the shear stress in the core acts uniformly
between tHe midplanes of the face plates. From these
assumptions, a sixth-order partial differential equation for
the damped laminate subjected to a concentrated sinusoidal
loading was derived* in terms of the transverse displacement
variable w:

d%w *w m 3*'w  mgdlw
g+ Y) s 2 e 8
s U GG Y b adal T, an ®)
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where _G;< 1 1 )
8= t, \Et;  Ejt;
Y_d_z( EtE;st, )
D, \E;t;+E;t;

d=t,+ 5 (t;+13)

(Ejt7+E;t3)b

D=
12

Again, a progressive wave solution for this equation can be
written in terms of the complex wave numbers 8,, §,, and 8

w(x)=C,e’"+ Cre =01 4+ C;e% + C e ~5% + C;5e%3* 4+ Cye ~55*

)
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where

8=y +v.— (&/3) I+ 1))”

5, = [_ (7;;72)“(71;72)\@_% (1+Y):|’/z

0= (152) (M5 Wi-Suen ]
w=[-5+ )T
)

£, =—(mw?/D,) ~3g? (1+Y)?

£,=(mw?/D,)g— g (1+Y)(mw’/D,) = (2/27)g’ (1+7Y)

For cantilever end conditions, the equations of constraint
require, at the free end, the moment x to be zero or

(

and the shear force S=3x/dx to equal the applied con-
centrated force or

(-5

~ 353 +g(l+7Y )
and the longitudinal face plate displacement u(x) to be
unrestrained. These conditions reduce to the simple form at
x=0:

2w mw

2
—w>=0

D,

64
- reU+ N

X= ax?

3w mw2 aw

it ) =Poeiwl

D, ax

_Df

g

mw?
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3w

*w
ax?

axt =

?_oeiw/.

= 5 0
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w

£
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At the fixed end, the equations of constraint require

aw
0; —) =0, u(f)=0
ax x=!

The longitudinal displacement can be described in terms of
the transverse displacement for a concentrated dynamic load
1 3w

by the expression
aw
) [g2 ax’ g ax’ ( Y) gc] (19

These equations can be placed in a matrix representation and
solved for the complex coefficients C, in a manner similar to
that described in the compressional damping model:

w(f) =

mw?
Dtgz

-D, Y 8w

E,t,d

u(x)=(

—-83 7 FC; Py/D,
53 | | o
R o | o
e | e | [ 0 (b
et | |c | | o0
—Sew | e | | o ]
where

R, =81— (mw?/D,)

S,_Z—z—gaf—(g;z +5f>51
&:2—553—(2’;2 +Y>62
S;:?—gaz—(gl“;i +Y>63

Upon determining the C, coefficients by matrix inversion, the
mechanical impedance at an arbitrary point on the laminate
can be calculated from the expression

Z(x,w) = (Py/iw) (C,e* + Cre % + C;e%%
+Cye %% 4+ Cse’ + Cge %) =/

Previous papers*® on this subject have shown that shear
damping is a broadband phenomenon strongly dependent on
the shear loss tangent of the viscoelastic layer.

Experimental Evaluation

Three damped sandwich beams were constructed to serve to
evaluate‘the relative importance of compressional and shear
damping in elastic-viscoelastic-elastic beams. Two beams
were designed with the compressional frequency, w,, located
in the 20- to 5000-Hz spectrum, and a third beam was
designed with w, above 5000 Hz. The elastic face layers of all
beams were constructed from steel. Specimens 1 and 2 in-
corporated an acryllic base viscoelastic material with a
complex dynamic shear modulus in the 20- to 5000-Hz
spectral region which can be approximated (assuming ther-
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moheologically simple material behavior) at a temperature of
22°C by the expressions

G, = (1.42x 10°)exp[0.494 tn (w/27)IN/m> (12a)
B=1.46 (12b)

Specimen 1 contained a viscoelastic layer thickness of 0.00686
m which placed its composite compressional frequency near
900 Hz, and specimen 2 contained a. viscoelastic layer
thickness of 0.000102 m which placed its composite com-
pressional frequency outside the spectral range of the ex-
periments reported herein. The complex dynamic elastic
modulus used to generate the analytical compressional
damping spectrum for specimen 1 was obtained from
assuming incompressibility and a real Poisson ratio (i.e.,
E,=3G,and 6=04).

Specimen 3 incorporated a medium-density, closed-cell,
neoprene foam layer with a complex dynamic elastic modulus
that can be approximated at a temperature of 22°C by the
expressions

E,=1.078 % 10°exp[0.4041 fn (w/27)]N/m? (13a)
0.8, 20 Hz<w/27w <60 Hz

d= 10.47exp[—0.628t(w/27)], 60 Hz<w/2mw <150 Hz

0.45, 150 Hz<w/2rx <500 Hz
(13b)

The complex dynamic elastic modulus of the neoprene
foam [Eqgs. (13)] was obtained from a series of resonance
mass-spring experiments. The measurements to determine the
expressions in Eqs. (12) were obtained® from a commercial
apparatus that utilizes dynamic stress-strain and related phase
angle measurements. The thickness of the foam layer was
0.0127 m. The compressional frequency of this composite is
located near 200 Hz.

The cantilever test fixture used to mount these beams was
evaluated by comparing the measured mechanical impedance
of an undamped simple beam with Bernoulli-Euler theory.
Figure 3 shows the 20-5000-Hz mechanical impedance
spectrum of a steel beam 0.0178 m thick, 0.0508 m wide, and
0.4921 m long. With this test fixture, excellent agreement was
observed between measurement and theory as to values for
both resonance and antiresonance frequencies. The dynamic
range between associated resonance-antiresonance pairs for
the measured steel beams spectrum exceeds 40 dB throughout
the 20- to 5000-Hz spectrum, increasing to in excess of 100dB
for the low-order vibrational modes. All measured spectra
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Fig. 3 Transverse driving point mechanical impedance spectrum of
an elastic beam: evaluation of experimental boundary conditions and
instrumentation.
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discussed in this paper were obtained from transducers that
had a negligible mass loading (<0.004 kg) effect on the
structure. The experimental results were obtained using a
swept sine wave and analog impedance instrumentation with
crystal tracking filters. Two transducer mounting
arrangements were used as a check for accuracy. The im-
pedance spectra presented herein were obtained using the
reaction mass impedance measurement method, where an
electromagnetic vibration generator was mounted to the test
specimen via a small pin drive rod, and an accelerometer was
mounted on the reaction mass of the shaker to monitor
dynamic force. The second transducer mounting arrangement
used the traditional mechanical impedance head, where a
piezoelectric crystal is placed in compression between the
vibration generator and the test specimen. Since the reaction
mass method possessed a greater dynamic range over a wider
frequency range, it was selected as the experimental analysis

90° Y

r T T A S i e T
oo F 2 '. E
=1 F 7
2w r 7
- o -
=8 F X
= F H
E 0° ”‘
23
S= o
== E
-t
= v O
2s of &
=na 80° £ PR il N 4'111111 L (ﬂ
- 103 E T T T T T T T
z]ﬁ E ————— EXPERIMENT
5 L -+ COMPRESSIONAL DAMPING MODEL
] 2L .
= 10°E
= E
i _
& ol
Slg 10 F
= F
= = BEAM GEOMETRY
= 0
= 1wk £ = 432Im (19.375 .
o E ty = .0178m (.70 IN.)
= E ty = .00686m (.27 iN.)
= . ty = 0121m (475 IV}
(=] - -
g W0FE [ b = .0508m (2.0 N}
z E
= E
= E
2 F
= .
|0>2 ool L Ll {
20 100 1000 5000

FREQUENCY - HZ

Fig. 4 Transverse driving point mechanical impedance and phase
angle spectrum for specimen 1.
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procedure for this investigation. Using the method just
described, a 20-5000 Hz mechanical impedance and associated
phase angle spectrum was obtained for test specimens 1-3,
which are presented in Figs. 4-6, respectively.

Discussion

The utilization of structural damping methods to control
dynamic structural response has become increasingly
widespread in recent years because of increased performance
standards for vehicles, as well as stricter environmental
standards. Constrained layer damping is a major proven
structural damping technique with high damping efficiencies.
This paper has attempted to isolate the major damping
mechanisms inherent in constrained composites in order to
ascertain their potential and provide some insight into the
effective design of such structures. For this reason, a can-
tilever beam configuration was selected, together with a
comparison of individual analytical models incorporating
only one of the major damping mechanisms.

As the results indicate in Figs. 2, 4, and 6, transverse
compressional damping can provide significant attenuation in
the vibrational energy of resonant structures in a narrow
frequency band centered at the compressional frequency of
the composite. In addition, the elastic loss tangent of the
viscoelastic layer is an important factor controlling the
bandwidth and amount of effective vibratory attenuation.
Examination of Fig. 6 demonstrates that, for frequencies
significantly removed from w., compressional damping
provides little attenuation to the dynamic structural response.

Within the stated assumptions, the model developed for
compressional damping in this paper provided excellent
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agreement with the measured data in the spectral regions
governed by this mechanism. Finally, additional support for
the Mead and Markus model of shear damping was provided
by the agreement observed between experiment and theory for
specimen 2, especially the mechanical impedance magnitude
and relative bandwidth near the resonance frequencies of the
composite, which is a measure of the modal damping inherent
in the structure. A small difference was noted in the
prediction of the resonance frequencies between experiment
and the shear damping model for specimen 2. This shift was
attributed to the high stiffness of the constraining layer in this
specimen in relation to that of the damping core, which favors
dynamic delamination. In addition, shear deformation and
rotary inertia effects were neglected in the shear model. It is
concluded that shear damping is a broadband mechanism,
which, for most engineering purposes and commercially
available damping materials, adequately describes the
damping inherent in the transverse dynamic response of thin
elastic-viscoelastic-elastic beams outside the spectral influence
of compressional effects. Inside this spectral band, the
relative displacement between the elastic face layers of the
composite must be considered in dynamic calculations.
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